Abstract. We generalize a theorem of Mazur concerning the universal norms of an abelian variety over a Z d p -extension of a complete local field. Then we apply it to the proof of a control theorem for abelian varieties over global function fields.
Introduction
Consider an abelian variety A/K of dimension g and let B be its dual abelian variety. At first we assume that K is a complete local field with a finite residue field F K which is of characteristic p and that A (hence B) has good ordinary reduction. WriteĀ, A (resp.B, B) for the reduction and the formal group of A (resp. B) so that we have the exact sequence induced from the reduction map: 
Let u ∈ GL(g, Z p ) be the twist matrix given by the action of the Frobenius substitution Frob ∈ Gal(F K /F K ) on the group of torsion pointsĀ[
g (see [Maz72] , p.216). The following is a strengthened theorem of Mazur (see [Maz72] , Proposition 4.3.9 and [Sch83] , Proposition 7.2).
Theorem 1. Suppose K is a finite extension field of Q p and L/K is a totally ramified Z p -extension so that Γ = Gal(L/K) Z p . If A/K is an abelian variety with good ordinary reduction, then B(O
is injective.
The theorem will be proved in Section 2.7. Note that if L/K is ramified, then we know that
) is injective (see Lemma 2.7.1) andB(F K )/ N L/K (B(F L )) is naturally isomorphic toB(F K ) p . Theorem 2 implies that (3) is indeed dual to (2). If L/K is unramified, all six terms in two exact sequences are trivial (by Lemma 3.3.1 and Lang's theorem). It is also interesting to see thatĀ(
Frob is isomorphic to the dual group of Z 
where loc is the localization map to the direct sum of local cohomology groups over all places of F . 
be the restriction map. 
We say that A has split multiplicative reduction at v, if there is a rank g lattice Ω Z × · · · × Z inside the torus T = (K v ) g so that T/Ω is isomorphic to the rigid analytic space associated to A (see [Ger72] ). For example, the Jacobian varieties of Drinfeld modular curves over K (for ∞ = v) all have split multiplicative reduction at v (see [GkR96] ).
Assume that L/K is unramified outside a finite set S of places of K. Let A be an abelian variety over K with either good ordinary reduction or split multiplicative reduction at each place in S. Then X L is a finitely generated module over Λ Γ .
The proof of the theorem (in Section 3.3) uses a standard tool that consists of two parts: one is a version of Nakayama's Lemma (see [Was82] , p.279); the other is the assertion, which holds automatically if K is a number field, that at each v ∈ S, the local cohomology group
) is co-finitely generated. Several articles have used this tool to prove results of this kind. However, lacking our local control theorem, to make sure the above-mentioned assertion holds (over function fields) they need to depend on additional assumptions. For example, in Ochiai and Trihan ( [OTr06, OTr08] ), they assume that L/K is the constant Z p -extension unramified at every place of K, while Bandini and Longhi ( [BL06] ) treat the case of an elliptic curve with split multiplicative reduction at every place of S.
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Finally, we set some notation. We useK to denote the separable closure of K and write 
This condition is equivalent to
In this case, the multiplication by p m on A is decomposed as
where 
Then f (resp. g) extends to an isogeny f : A −→ A (resp. g : A −→ A) (see [BLR90] , 7.3, Lemma 6). From the definition of the Néron model, the extension of each isogeny is unique, and this implies [p m ] = g • f . Letf :Ā −→Ā (resp.ḡ :Ā −→Ā) denote the restriction of f (resp. g) to the special fibres. Then onĀ, we have
Also, f ,f and the reductions commute, as shown by the diagram:
where both right-arrows are reduction maps. Note that in the diagram all the arrows are homomorphisms of
By (8), we have the reduction map:
Proof. By replacing K with a suitable finite unramified extension field of it, we may assume that each point in ker(f )(F K ) is rational over F K . Let ker(f ) = spec R and R = i R i be as above. Then the residue field of each
is non-empty and hence the natural map from
(which consists of a single element) is surjective. Therefore, the reduction map from
Corollary 2.1.3. Suppose A has good reduction,Ā. Then for each positive integer m, the reduction induces a surjective homomorphism of G K -modules: We fix one such isogeny and denote it by F (m) . By (8), we have (overF K )
Furthermore, if char.(K) = p and A has good ordinary reduction, then
(11) ker(F (m) ) = (μ p m ) g .
This means thatF
is the Frobenius isogeny and ‫ג‬ is an automorphism ofĀ
. In either case, the isogenyF (m) gives rise to an isomorphism of G K -modules:
Then, overK a , we have ker( (7) and (11)), and hence ker(
. Therefore, by Lemma 2.1.2, the reduction map induces the G K -isomorphism:
In particular, if m is greater than the exponent ofĀ(
Therefore, the exact sequence 
2.3. The local duality. For the convenience of the reader, we put in the content of this paragraph some well-known facts on local duality. Via the Poincaré biextension W −→ A × B (which is the complement of the zero section in the Poincaré line bundle over A×B, [Mum68] ), a point on B is regarded as an element in Ext(A, G m ), and hence a point Q ∈ B(K) gives rise to an exact sequence of G K -modules:
Using the induced long exact sequence:
we define (cf. [Mil86] , Appendix C) the local pairing of Q and a class ξ ∈
Here inv : 
, A,B,L :
is an injection onto a closed subgroup, Theorem 6 and (14) imply that cor :
Here we use (14) 
The Poincaré biextension of A × B extends uniquely to a biextension of A × B by G m (see [Gth72] , VIII.7.1b, or [Mil86] −→C −→ C, where the first map is the inclusion and the last is the dual to the inclusion. It is enough to show that Ψ ⊗ K is the trivial homomorphism of group schemes. Now that C is finite flat over O K , we write C = spec T , with T = i∈I T i , a direct product of local rings over O K ([Mil80] 
, I.2.4(b)). The equalities (17) and (18) together say that
where the first arrow is the natural map. Since Ψ is a homomorphism of group schemes over O K , the second arrow must be the identity section, and hence Ψ must be trivial.
Corollary 2.4.2. Assume that K is of characteristic 0 and A has good ordinary reduction. Then the restriction of the local pairing , A,B,K on
Proof. Consider the commutative diagram induced from (1):
By Corollary 2.1.3 and the snake lemma, we have the Kummer exact sequence:
which induces the exact sequence
Similarly, we have 
where the first map is induced from the Weil pairing and the second gives the invariants of the local Brauer group. 
and vice versa. In other words, we have
Proof. By Corollary 2.1.3, A itself is ordinary. The statement (a) follows directly from the decomposition (6), while (b) and (c) come from the
Obviously, P is also a p m -division point of P , and for σ ∈ G L , we have (from (c))
, A) p be the map induced from the natural
Corollary 2.5.2. If an element
Proof. Let ρ be a 1-cocycle representing ξ and let P be a point in A(OK) so that
: B Corollary 2.5.3. The isogenyF (m) that is dual to F (m) gives rise to a surjection:
Proof. The Frobenius substitution Frob p m induces a G K -isomorphism:
Using Lemma 2.5.1(c) to rewrite the equality (19) as
Consequently (by (6)),
being isogenous to A, also has ordinary reduction. By letting B play the role of A in the above discussion, we get
The kernel ofF (m) , which is the dual of ker(F (m) ) = (μ p m ) g , is exactly the maximalétale subgroup of the group scheme B In view of these, we see that
B , for some isomorphism ‫ג‬ : B/K −→ B/K. In particular, we havê
By this and (21), we prove the surjectivity of the map B
Proposition 2.6.1. Suppose A has good ordinary reduction and ξ ∈ H 1 (K, A) p . The following statements are equivalent: 
induces an injection
If m is greater than the exponent ofB( . In particular, we have
(see (12)) and then use the commutative diagram:
Suppose m is greater than the exponent ofB(F K ) p . If ξ satisfies the condition of (b), then (23) tells us that it annihilates every element inF 
where the right down-arrow is an isomorphism of G K -modules induced from the 
The equality actually holds for every m, because we have the obvious inclusion
Corollary 2.6.2. For every pro-finite extension L/K, we have the isomorphism:
Proof. It is proved by taking the direct limit over all finite intermediate extensions.
The injectivity is due to (22).
2.7. The proof of Theorem 2. The statement (a) is a consequence of Proposition 2.6.1. Since ) obviously holds, to prove (b), we only need
, which is the kernel of the homomorphism Φ * . Therefore, it is enough to show that
because A is the kernel of the reduction map. Via the duality, the statement (a) and Corollary 2.3.3 together assert that the above inclusion is equivalent to
Thus, the statement (b) can be proved by applying the following:
Proof. For a given finite intermediate extension 
Therefore, the Hochschild-Serre spectral sequence implies that
The second part of (c) is proved by taking the direct limit over L 0 . If L/K is unramified, then by Lemma 3.3.1 and Lang's Theorem, both
) are trivial and there is nothing remaining to prove. Suppose L/K is ramified. By (a) and Lemma 2.7.1, we can identify Im(Φ * ) with the dual group of the quotient
. Thus, the surjectivity of Φ * is equivalent to the equality
Assume that the inertia subgroup of Γ is of finite index. ThenĀ(F L ) is finite. If m is greater than the exponent ofĀ(F L ) p , then by Lemma 2.2.1 the exact sequence
the reduction map is surjective. By the criterion (24), the order of the group B induces an isomorphism
By the criterion (24) again, the map Φ * is surjective. In general, we choose an intermediate 
where the first down-arrow is surjective and the identity is from the second part of (c).
The Selmer groups
In this section, we prove Theorem 4 and Theorem 5 by using Theorem 3. Let K be a global field of characteristic p and let L/K be a Z 
Proof. Note that if A has good, ordinary reduction at a place v, then A/K v is ordinary and hence K v L 0 is unramified over K v (Lemma 2.5.1(b)). Also, if A has split multiplicative reduction at some v ∈ S so that Ω = Q 1 , ...,
g is the period lattice with
This shows that L 0 /K is everywhere unramified.
We then apply the global class field theory (cf. [Tat67] ) which tells us that the Galois group W K,p of the maximal everywhere unramified pro-p abelian extension of K fits into an exact sequence
where C K,p is the p-Sylow subgroup of the class group of K and deg is induced from the degree map on the group of ideles. We choose a subgroup W 0 Z p of W K,p and choose K 0 to be the fixed field of W 0 under the action of W K,p on L 0 . This bound increases with n. To find a bound independent of n, we first note that A(L) tor,p is cofinitely generated over 
(L) tor,∞ ). This shows that
Therefore, we have, for
We can choose |A(K n 0 ) tor,p | as the desired bound, since it is an upper bound of |T | and |A(K n ) tor,p | for n ≤ n 0 . 
